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Abstract 
The commonly used linear k-ε turbulence model is shown to be incapable of accurate prediction of 

turbulent flows, where non-isotropy is dominant. Two examples of non-isotropic flows, which have a wide 

range of applications in marine waters, are saline water flow and the stratified flows due to temperature 

gradients. These relate to stratification and consequently, variation of density through vertical layers. In 

this paper, a nonlinear k-ε turbulence model, firstly presented by Speziale (1987) and was implemented in 

the existing hydrodynamic model. The energy equation has been also added and solved in the 

hydrodynamic model. The hydrodynamic model solves the fully nonlinear Navier-Stokes equations based on 

an ALE (Arbitrary Lagrangian Eulerian) description. The model is an extension to WISE (Width Integrated 

Stratified Environments) 2DV numerical model, originally developed by Hejazi (2002). The simulated values 

have been compared with the experimental data and have shown acceptable agreements. The predictions are 

also compared with the results of the original model employing a standard buoyant k-ε turbulence model, 

which showed the advantage of the new turbulence model in prediction of non-isotropic flows. 

Keywords: Nonlinear k-ε, Non-Isotropic turbulence, Stratified flows, Temperature gradients, FVM. 
  

1. Introduction 

Despite the intensive research efforts of the past 

decades to develop more general turbulence models, k-ε 

models, still remain the most widely used approach by 

engineers and scientists for the solution of practical 

problems. The main advantage of k-ε turbulence model 

is due to the reasonable computational time compared 

with the more complicated models. 

To improve the predictions of k-ε turbulence model, 

a lot of research work has been carried out. Lumley 

(1970) developed a turbulent constitutive relation 

which was based on the similarities between non-

Newtonian fluids and nonlinear Reynolds stress and 

mean strain relation. Pope (1975) presented a nonlinear 

k-ε turbulence model based on the Caley-Hamilton 

theorem and integrity basis tensors. An extensive 

research effort was carried by Speziale (1987) to enable 

turbulence modeling with consideration of anisotropy 

by the application of nonlinear k-ε models. One 

example, where anisotropy is dominant and widely 

applicable and important in geophysical, environmental 

and some other engineering turbulence flows, is 

stratified flow. The density variations due to 

stratification may be caused by heat transfer, salinity or 

other species concentration difference across the depth 

of flow. The flows, which lie in this category may 
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increase or damp turbulence fluctuations depending on 

occurrence of stable or unstable shear layers, which are 

widely applicable in environmental marine flows. In 

stratified flows, stress induced anisotropy is present. 

Therefore, linear turbulence models may not result in 

accurate predictions of turbulence and hydrodynamics 

characteristics of such flows. 

The new model has been simulated for three lock-

release type tests, and also heated buoyant jets 

discharging into an ambient flow, for which the 

laboratory experimental values were reported in the 

literature. Velocity and concentration profiles have 

been compared with the measured values and linear k-ε 

model predictions. 

2. Governing Equations 

Continuity and conservative Navier-Stokes equations 

with the Reynolds stresses terms in ALE description 

(Eqs. 1, 2 and 3) have been deployed and implemented 

in the hydrodynamic model (WISE) originally 

developed by Hejazi (2002): 
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where, x and z are the horizontal and vertical 

directions in Cartesian coordinate system, respectively, u 

and w the horizontal and vertical velocity components, 

respectively, p the pressure, ρr and ρ the reference 

density and density of the fluid, respectively, X and Z the 

body forces in the x and z directions, respectively, v the 

kinematic viscosity, g the gravitational acceleration, and 

τxx, τxz and τzz are the Reynolds stresses. 

The tonsorial form of the representative equations 

for these stresses are as follows (Speziale, 1987): 
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2
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where, τij is the Reynolds stress tensor, k the 

turbulent kinetic energy, l the turbulent length scale, 

ρ density, δij the Kronecker delta, Dij the mean strain 

tensor, Dij the Oldroyd derivative of mean strain 

tensor and, CD=CE=1.68 are constant coefficients. 

The Oldroyd derivative of mean strain tensor is 

defined as follows (Speziale, 1987): 
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where, U is the velocity vector and  represents 

the gradient operation. 

In the k-ε turbulence model, the length scale of 

turbulence model is taken to be of the form (Speziale, 

1987): 

l=C
k

3
2

ε
                                                                       (6) 

where, C is a dimensionless constant.  

k and ε transport equations are as follows (Rodi, 

1993): 

∂k

∂t
+ui

∂k

∂xi
=

∂

∂xi

νt

σk

∂k

∂xi
+νtP+βgi

νt

σt

∂∅
∂xi

-ε                 (7) 

∂ε

∂t
+ui

∂ε

∂xi
=

∂

∂xi

νt

σε

∂ε

∂xi
+C1ε

ε

k
(P+G) 1+C3εRf    (8) 

where, νt is the eddy viscosity, ∅ the concentration 

or temperature, P the production term, G the 

buoyancy term, Rf the Richardson number of the flow, 

σt the Schmitt number and, σk, β, σε, C1ε, C3ε are 

coefficients, which have been defined in Rodi (1993). 

For considering the near wall treatment, appropriate 

wall functions have been used (Rodi, 1993). The 

production term in nonlinear model is different from 

the linear model and is defined as follows: 

p=τxx
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In this study, the linear form of production term 

(Rodi, 1993) has been used and discretized for the 

cells adjacent to the bed and the nonlinear form of 
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the production term has been used in the rest of 

domain.  

The species concentration and temperature field 

equation also has been solved for salinity (Rodi, 

1993) and temperature: 
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where, ∅ represents the temperature, salinity or 

other types of species concentration, λ is the 

diffusion coefficient, and S∅ is the source term. The 

terms u∅ and w∅ t are modeled. u∅, for instance uses 

the following relation: 

u∅=Γ
∂∅
∂x

                                                                (11) 

where, for salinity field, Γ is the turbulent 

diffusivity coefficient of concentration, and λ and Γ 

are defined as follows: 

λ=
ν

σ
                                                                         (12) 

Γ= νt

σT
                                                                       (13) 

in which, σ and σT are Schmidt number and 

turbulent Schmidt number respectively. For 

temperature field Γ is the turbulent diffusivity 

coefficient of temperature, and λ and Γ are defined 

as follows: 

λ=
ν

Pr
                                                                     (14) 

Γ= νt

Prt
                                                                      (15) 

in which, Pr and Prt are Prandtle number and 

turbulent Prandtle number respectively. State equation 

was used to calculate the density at each time step 

after the energy equation was solved. 

3. Solution Method 

WISE is a hydrodynamic free surface numerical 

model based on time-dependent Reynolds-averaged 

Navier-Stokes equations. The model is capable of 

handling problems involving vertical flow characteristics 

and environmental variations including complex 

bathymetries. A structured non-orthogonal curvilinear 

staggered mesh is used for computational domain, 

based on Arbitrary Lagrangian-Eulerian description. 

The discretization of the flow and transport equations 

is based on finite volume method, providing flexibility 

for defining control volumes in a staggered grid 

system. The solution method is based on a fractional 

step scheme, whereby the problem is solved by time-

splitting the set of governing conservation equations, 

which resembles a projection method. 

The discretization and solution of the new turbulence 

model equations are the same as hydrodynamic model 

scheme. Reynolds stresses have been computed using 

central difference scheme for second and third order 

derivatives of velocity, while for the first order 

derivatives of velocity, finite volume method for each 

grid, has been employed. The Reynolds stresses play 

as source terms in the momentum equations. The 

tonsorial form of equation (4) for one of the Reynolds 

stresses, τxz for instance, may be spread as follows: 
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where, t represents the time. 

Equation (16) is discretized as follows: 
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The discretization of 
∂u
∂z, 

∂w
∂x, ∂2w

∂x2 , and 
∂w
∂z , for 

instance, have been presented in equations (18) to 

(21) respectively. 

∂u

∂z

n
=

ui-1,k+2
n +ui+1,k+2

n -ui-1,k-2
n -ui+1,k-2

n

4∆zi,k
              (18) 

∂w

∂x

n
=

1

Acell
(wi,k+1

n zi+1,k+1-zi-1,k+1 - 

wi,k-1
n zi+1,k-1-zi-1,k-1 + 

+
1

4
wi+2,k+1

n +wi,k+1
n +wi,k-1

n +wi+2,k-1
n ∆zi+1,k - 

1

4
wi-2,k+1

n +wi,k+1
n +wi,k-1

n +wi-2,k-1
n ∆zi-1,k ) 

(19) 

(20) 

∂w

∂z

n

= wi,k+1
n -wi,k-1

n / ∆zi,k  (21) 

The Reynolds stresses derivatives are also 

discretized in a similar manner and are considered as 

source terms into diffusion terms where the diffusion 

is computed in the hydrodynamic model. 

4. Results and Discussion 

4.1. Saline Water 

In order to investigate and compare the results of 

the nonlinear k-ε turbulence model, the simulation 

results have been compared with the measured 

values of three experimental studies of lock-release 

type and corresponding predicted values of linear 

buoyant k-ε turbulence model. 

The first test was based on the experimental study 

accomplished by Zhu et al. (2006) as a lock-release 

type of gravitational flows. The experiments were 

carried out in a rectangular perspex flume, 200 mm 

wide, 400 mm deep and 2590 mm long. The flume 

was filled with fresh water to a depth of H  = 100 

mm and a perspex gate were positioned vertically at 

a distance of  = 200 mm away from the left end of 

the channel to form a lock. Salt was dissolved into 

the water behind the perspex gate to create a density 

difference ∆  between the two parts of the flume. 

The densities of saline water ( = 1009.5 / ) 

and fresh water ( = 999.5 / ) were measured, 

corresponding to a density difference of ∆  = −= 10.0 / . 

Figure 1 shows the gravitational current simulations 

for linear buoyant and nonlinear k-ε models of 

turbulence, compared with the front head position 

reported in the experimental measurements conducted 

by Zhu et al. (2006). 

During an initial slumping phase, the front head 

position x , increases linearly with time. Two 

distinct phases of lock-release front propagation 

were observed and at about 10 lock lengths, the 

transition from the first to the second phase occurs 

(Zhu et al., 2006). 

Figure 2 shows the front head of the 

gravitational current versus time for nonlinear and 

standard buoyant k-ε turbulence models and 

measured values in a non-dimensional form. ∗ = / , and ∗ = / , where =/ / , and = ∆ / , in which  is the 

lock length,  the saline water depth,  the 

ambient flow density,  the time,  the gravity 

acceleration and  is the distance from upstream. 

While in the second phase of the gravitational flow 

extent, linear k-ε turbulence model predicts the front 

head better than non-linear model; both models 

overestimate the front head, in the first phase. The 

underestimation of nonlinear k-ε turbulence model 

may be due to its diffusive nature. 

Figure 3 shows the velocity profiles of linear and 

nonlinear k-ε turbulence models in comparison with 

measured values at different locations, and at 

t=12.28s. It is evident that nonlinear k-ε turbulence 

model shows closer predictions. 
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measurement values, than the linear turbulence model 
in most parts of the experiments. So, the nonlinear 
model could be considered more reliable in 
predictions of the velocity profiles in stratified flows 
due to temperature gradient. 

Both models provided worse results near the free 
surface due to anisotropy and more extensive mixing, 
which were present near the free surface especially in 
near field. The nonlinear model presented more 
accurate results in some cases, because it was more 
capable of including the anisotropic features of the 
turbulent flows. 

Both models presented coarser predictions for 
temperature profiles in far field rather than the near 
field. This might have occurred due to more 
extensive mixing, anisotropic nature of the flow, and 
high rate of momentum which existed, while the 
nonlinear turbulence model presented better results 
than the linear model even in far field and was more 
capable of predicting the mixing extension through 
the depth. 

In the second test of the stratified flows with 
temperature gradients, both turbulence models had 
somehow similar predictions of the horizontal 
velocity profiles and temperature in the existence of 
the temperature difference between the jet and cross 
flow, while in the absence of the temperature 
difference, the nonlinear turbulence model had 
prsented more accurate predictions evidently. 

Because the nonlinear turbulence model provided 
better results in most parts of the stratified flows of 
both models, while computational costs were not 
considerably greater than the cost of linear model, it 
could be concluded that stratified flows using 
nonlinear turbulence model was reasonable and 
suggested ,hereby. The only part in which the 
nonlinear model had worse predictions than the linear 
turbulence model, was the prediction of the front head 
position of gravitational flow in stratified flows 

of lock-release type. 
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